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ABSTRACT. Let G be an infinite, locally compact group. Denote
the space of convolution operators, on G, of strong type (p, q) by Lq(G).
It is shown that, if |1/q — 1/2| < |1/p — 1/2|, then LZ(G) is not included
in LZ(G). This result follows from estimates on the norms, in these spaces,
of Rudin-Shapiro measures. The same method leads to a simple example
of a convolution operator that is of strong type (q, q) for all q in the inter-
val (p, p') but is not of restricted weak type (p, p) or of restricted weak type
(?', p'). Other statements about noninclusion among the spaces Lg(G) also
follow from various assumptions about G. For instance, if G is unimodular,
but not compact, 1 < p, g, 7, S < », with p < g, and min(s, ') < min(q, p'),
then Lg(c) is not included in L(G).

Using Zafran’s multilinear interpolation theorem for the real method,
it is shown that, if 1 < p < 2, then there exists a convolution operator on
G that is of weak type (p, p) but not of strong type (p, p); it is not known
whether such operators exist when p > 2, but it is shown that if p # 1, 2, o,
then there exists a convolution operator that is of restricted weak type
(. p) but is not of weak type (p, p).

Many of these results also hold for the spaces of operators that
commute with left translation rather than right translation. Further refine-
ments are presented in three appendices.

1. Introduction. Throughout the paper, we let G denote a locally compact
group, and we write the group operation multiplicatively. For an element a of
G we denote the unit point mass at a by €(a); if f is an object on G such that
the convolutions €(a)  f and f = [e(@)] are defined, then we refer to these prod-
ucts as the left and right translates of f by @, and we also denote then by L(a)f
and R(a)f, respectively. By a convolution operator on G, we mean a linear oper-
ator, from one space of functions on G that is closed under right translation to
another such space, that commutes with right translation; that is, T is a convolu-
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tion operator if T(R(a)f) = R(@)(Tf) for all ¢ in G, and all f in the domain of T.

Some authors use terminology such as centralizer, convoluteur, or multiplier
operator for what we call a convolution operator.

Let m be a left-invariant Haar measure on G, and form the usual Lebesgue
spaces LP(G) with respect to m; as usual, we refer to members of LP(G) as func-
tions although they are really equivalence classes of functions. Denote the norm
on LP(G) by 1l Let C_(G) be the space of all continuous functions on G with
compact support. For p and q in the interval [1, o], we let L{,’(G) be the space
of all convolution operators T, with domain C,(G), for which there exists a
constant D such that

) ITfll, <Dlifll, for all fin C,(G).

Equivalently, we can regard Lg(G) as the space of all bounded linear operators,
from the closure of C,(G) in LP(G) to L9(G), that commute with right translations;
we then give Lg(G) the operator norm, making it a Banach space.

An operator T satisfying inequality (1) is said to be of strong type (p, q).
If ¢ <o, then T is said to be of weak type (p, q) provided there exists a constant
D such that

@ m{x € G: ITf(x)] > A} < @IS,/

for all A > 0 and all f in the domain of T. Finally, T is said to be of restricted,
weak type (p, q) if inequality (2) holds whenever A > 0 and f is the characteristic
function of a set of finite measure.

Many important convolution operators in harmonic analysis are of weak
type (1, 1) but not of strong type (1, 1); see [Ste 3] for examples. Simple
examples are given in [SW 1], for 1 < p <o, of operators that are of weak
type (p, p) but not of strong type (p, p); these operators, however, are not con-
volution operators. If the group G is amenable, then every convolution operator
of weak type (2, 2) is in fact of strong type (2, 2). It was conjectured that the
same might be true with the index 2 replaced by any p in the interval (1, 2),
but Misha Zafran recently showed [Zaf 2], for various infinite, locally compact,
abelian groups, that, for each p in the interval (1, 2), there exists a convolution
operator that is of weak type (p, p) but not of strong type (p, p). One of the
main results of the present paper is that such convolution operators exist on any
infinite, locally compact group.

This result is proved in §3. Two key elements in the proof are Zafran’s
multilinear interpolation theorem for the real method, and some estimates on
the norms, in the spaces Lf,(G), of Rudin-Shapiro measures. These estimates are
obtained in §2, where they are used to give a quick proof that, if G is infinite,
and |1/qg — 1/2| < |1/p = 1/2], then LZ(G) is not included in L;(G). In §4, we
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use similar methods to obtain noninclusion theorems for the spaces L1(G) with
p#gq.

§5 concerns inclusions between spaces of operators that commute with
left translation rather than right translation. If G is unimodular, then the same
inclusions hold for these spaces as for the spaces L;’,(G). We show, however, that
if G is not unimodular, then there are no inclusions between these spaces; we
also consider inclusion relations for modified versions of these spaces, and we
then recover analogues of the results that hold for the spaces Lg(G).

We have relegated some results of three appendices, because the statements
of these results are complicated, or because their proofs have little in common
with the methods used in the rest of the paper. In Appendix 1, we consider
relations between the structure of G and and the inclusion properties of the
spaces L7(G); a typical result is that, if G is a near-connected, unimodular, locally
compact group, and if LI(G) C L}(G) for indices p, q, 7, s with 1 <p <q <,
and 1/p — 1/q > 1/r — 1/s, then G has a compact, normal subgroup N such that
G/N is a semisimple Lie group, with finite centre. In Appendix 2, we consider
inclusions between the spaces of convolution operators that map one Lorentz
space into another Lorentz space; we show that, if G is infinite, and p # 1, 2, oo,
then there exists a convolution operator of restricted weak type (p, p) that fails
to map LP'9(G) into LP'"(G) whenever ¢ > 1 or r <o, Finally, in Appendix 3,
we offer a generalization to noncompact groups of the known fact that, if G is
compact, and 1 < p < 2, then all the spaces Lg(G) with ¢ < p coincide with the
space of convolution operators of weak type (p, p).

2. Rudin-Shapiro measures. If u is a finite, regular, Borel measure, with
total variation [|ull, and if f € LP(G), then the convolution u « f belongs to L?(G),
and

@) lia # £, < el 11,

[HR, 20.12]. Thus, we can identify p with the operator f > u * f which
belongs to L;(G) and has norm at most ||u]l. In this section, we construct Rudin-
Shapiro measures on any infinite group, and we estimate their norms in the
spaces L5(G). Using these estimates, we show that, if G is infinite, and I1/q -
1/21 <1/p = 1/2|, then LI(G) is not included in LJ(G). In fact, for each index
p in the interval (1, 2), we give an explicit example of a convolution operator
that is of strong type (g, q) for all q in the interval (p, p'), but is not of restricted
weak type (p, p) or of restricted weak type (p', p'); here p’ denotes the index
conjugate to p.

Rudin-Shapiro polynomials have been used by Gaudry [Gau] to prove
theorems about noninclusions of spaces of convolution operators on abelian
groups. Rudin-Shapiro measures have been constructed on the circle group by
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Kahane [Kah, pp. 34—36], and used in the study of the Fourier algebra of that
group.

Before constructing such measures on any infinite group, we recall some
properties of left and right translation. First, for any function £, and all elements
a and x of G,

L@f)x) =@ 'x);

thus L(g) is an isometry on LP(G) for all p. Also, if p is a Borel measure and E
is a Borel subset of G, then

L@w)E) = u@'E).
The corresponding descriptions of right translation are more complicated in
general. Let A denote the modular function on G. Then

R@NX) =A@ ) f(xa?)
[HR, 20.9]. This means that, if u is absolutely continuous, then

R@UXE) = AG Wu(Ea™?).
On the other hand, if u is discrete, then
R@UXE) = u(Ea™*);
one way to see this is to regard the convolution p + [e(@)] as being carried out
on the group made discrete and hence unimodular.

We now suppose that G is infinite, and we inductively construct Rudin-
Shapiro measures. First, let p, and 0, both be €(e), the unit point mass at the
identity. Suppose that p, and o, have been defined and are discrete measures
both supported by a finite set S,,; then choose an element x,, of G so that the
sets x,,S,, and S, are disjoint, and let

(4) Pni1 = Py + L(xn)on’
and
®) Opt1 = Py _L(xn)an'

It is easy to verify by induction on n that there are a sequence (¥; )=, of dis-
tinct points of G, and fixed * 1-valued sequences (r;);—, and (s;)” = 1 such
that

2"
6) Pn = kgl rv€(yi),
and

2"
(7) 0, = s',:e( yk).
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We now estimate the norms of these measures in the spaces L;(G).

LEMMA 1. Let 1 <p <, and let r = max(p, p'). Then

®) nir llpnllL p S V2 2nir,
p

and

©) 2" <ol p <Vz 2

PrOOF. The key property of these measures is that, if f € C,(G), then
(10) oy & FI2 + llo, = FIZ = 2"*+1)1 2.
This clearly holds if » = 0. On the other hand, by the parallelogram law,

10psqy # FU3 + lloyey # 12 =2(lp, » FI3 + IL(x,)0, * f13)

=2(lp, » f1I3 + llo, * f112),
and relation (10) follows by induction on #n. Now, by inequality (3),

llp,ll, 1 <lp,ll =2" and pyll, o <27

while, by relation (10),
a1 u%m,<%“”ﬂ

Therefore, IIp,,lle <VZ2""if p=1, 2, or =. But the Riesz convexity
theorem [SW 2, p 179] states that |lp,|l, p is a logarithmically convex function
of 1/p, and it follows that llp,,"Lp <2 f"/’ for all p.

To get the lower bound on Fthe norm of p,,, we observe that, if f is sup-
ported by a sufficiently small open set, then the functions e(y,) * f, for k =
1,2,...,2" have disjoint support. Thus p, * f is a sum of 2" disjointly-sup-
ported left translates of f, so that llp,, » fl, = 2"/P||fl|,. This shows that
ol B > 2"/P which is the desired lower bound if p < 2. If p > 2, we consider
py, the reflection of p,,; that is, py = Ek_, re(Vy 1), Now,

a2) Jg on £ 0)ax = [ FGIoY » £00)) i

that is, the adjoint of the map f > p,, * fis the map f — py = f. Therefore,
if 2 <p < o, then

llp,,IIL = lpY, II : 1> nlp = gnir,
This completes the proof of statement (8). Clearly, the same arguments apply
with g, in place of p,, so that statement (9) is also proved.
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Before stating our theorem about noninclusion of the spaces Lg(G'), we
summarize the known inclusions of these spaces. First, by a theorem of Wendel
[Wen], L} 1(G) = M(G), the space of bounded, regular Borel measures with the
total variation norm; then by inequality (3), LI(G) crL? p(G) forall p. If Gis
abelian, then LP(G) = Lp (G), and LY(G) C LYUG) whenever /g - 1/21 <
11/p = 1/2|; see [Lar, p. 114] In fact these 1nclu51ons also hold if G has an
abelian subgroup of finite index, but Daniel Oberlin recently found a compact
group G for which L}(G) # Lﬁfg(G) [Obe]. If G is amenable, then L5(G) C
L%(G) [Her 1], and LP(G) C LY(G) whenever |1/q = 1/2| < |1/p = l/2I and ¢
is on the same side of 2 as p. The following theorem shows that these inclusions
are strict if G is infinite.

THEOREM 2. Let G be an infinite, locally compact group, and let p and
q be indices in the interval [1, o] satisfying the inequality |1/q — 1/2| < |1/p -
1/2|. Then the space L‘q’(G') is not included in the space L;(G).

PRrROOF. Suppose, to the contrary, that Lg(G) c Lg(G). Then the injection
i: LY(G) — LP(G) must have a closed graph. Indeed, if a sequence (7,),—,
converges to 0 in LI(G), and to T in LE(G), then, for all f in C,(G), we have
that T, f — 0 in measure, and that T,, f — Tf in measure; therefore Tf = 0 for
all such f, and T = 0. This proves that i has a closed graph, and hence, by the
closed-graph theorem, that i must be continuous. On the other hand, the estimates
obtained in Lemma 1 show that

p q

This contradiction proves that Lg(G) ¢ LZ(G), and completes the proof of the
theorem.

We now indicate how to construct explicit examples of convolution oper-
ators that belong to LI(G) but not to LP(G). Fix p in the interval [1, 2].
Choose disjointly-supported left translates p;, of the measures p,. The estimates,
on the norm of p,, obtained in Lemma 1 also hold for the norm of p;,. There-
fore, the series

(13) X 2iey,

n=0
converges in L(G) whenever |1/g — 1/2| < |1/p — 1/2I; let Ty denote the sum
of this series and let

N
a4 by =3 2—n/pp;,

n=0

IfT, € L;(G), then, by Riesz convexity, [|Tll L9 must remain bounded as q
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converges to p from above. But, as in the proof of Lemma 1, we see that

4 —nq/, n e
Iyl g > 2, 27 -2

n=0

whenever ¢ < 2. Hence
la
n(1-q/p)
lIToIIL <Z 2 )
q n=0

and [|T,l, g does not remain bounded as q approaches p from above. Thus

Ty ¢ LP(G), and, by a similar argument, T ¢ L” (G) also. The methods of the
next sectlon can be used to show that T, is of restncted weak types (p, p) and
(?', p'). Now let § be a real parameter, and consider the series

as) Y @41y,

n=0
which converges in Lg(G) whenever |1/q — 1/2| < |1/p — 1/2|. Denote the sum
of the series by Ty. If Ty is of restricted weak type (p, p), then by Hunt’s
weak-type interpolation theorem [Hun, p. 264], lIT;l| Lq=0(q- py 1Py asq
approaches p from above. If § <0, however, then it follows, as above, that
IT5l, g grows more rapidly than (g - p) /P as q approaches p from above. In
this case, then, T is not of restricted weak type (p, p), and, by a similar argu-
ment, not of restricted weak type (p, p'). Similar results have been proved by
various authors, using various methods. For instance, if G is compact and infin-
ite, and if 1 < p < 2, then there exists a convolution operator on G that is of
strong type (g, 2) for all q in the interval (p, 2), but is not of restricted weak
type (p, p) [Fou, p. 33]. If G is infinite, compact, and abelian, and if 1 <p
< 2, then there exists a convolution operator on G that maps L?*3(G) into L%(G),
but which, for each r > 2, fails to map LP""(G) into L}(G) [Misha Zafran,
private communication]. Finally, using the Fefferman-Stein theory of HP spaces
[FS], E. M. Stein found an example of a convolution operator on the real line
that is of strong type (g, q), for all g in the interval (p, p"), but not of restricted
weak type (p, p) [grapevine]. The series (13) and (15) are related to those used
for similar purposes in [Kat, p. 34] and [Zaf 2].

REMARK 1. We can arrange matters so that the set {y,};_, which sup-
ports the measures p, and o,,, has various convenient properties. For instance,
on the circle group, the y, can be chosen to lie in a given, symmetric Cantor
set [Kah, p. 35]. If G is not compact, then, given a compact neighbourhood
V of the identity, the y, can be chosen so that the sets y, V are disjoint, as are
the sets Vy,. Finally, even if G is not unimodular, the y, can be chosen to lie
in the kernel of the modular function, because if G is not unimodular, this kernel
is not compact [HR, 38.26].
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3. Convolution operators of weak type. In this section, we show that if
G is an infinite, locally compact group, and if 1 < p < 2, then there exists a con-
volution operator on G that is of weak type (p, p) but is not of strong type (p, p).
Two key elements in the proof are the Rudin-Shapiro measures constructed in
the previous section, and Zafran’s multilinear interpolation theorem for the real
method of Lions and Peetre. Standard references concerning this method are
[BB], [LP], and [Pee]. The intermediate spaces can be defined in several,
equivalent ways; we use the K-method of Peetre.

Let A, and A, be two Banach spaces, both continuously imbedded in some
hausdorff, topological vector space V; then A, and A4, are said to form an inter-
polation pair. ldentify A, and 4, with their images in V, so that the spaces
Ay N A, and Ay + A, are well defined. Let |Illy and Il'll; denote the norms in
Ag and A, respectively. For each element f of 4 and 4, and each positive
real number ¢, let

Kt )= mf{"fo"o + tllflul:f:fo +fpfo er:fl EAI}

then K(-; f) is a nondecreasing function on the interval (0, °). Fix parameters

6 and q with 0 <9 < 1, and 1 < q <oo; let L denote the space of functions on
(0, =) that are in L9 with respect to the measure dt/t. Define the intermediate
space (Ag, A,)g, 4 to consist of all elements f of A + A4, for which the map

t >t 9K(t; f) belongs to L. Define a norm on this intermediate space by
letting

Ifllg,q = {I: [£79K(t; ]9 %t-}l /q, if g < oo,

and letting || fllg o = sup, £ 9K(t; ). Relative to this norm, (4, Ay)g,qisa
Banach space. Clearly, (4y, 4)g,q C Ao + A4y; it can also be verified that
Ay NA; C(4g, A1)g g

The relevance of this machinery to the problem that we are considering
becomes clear when we take 4, and 4, to be the spaces LP9(G) and LP1(G),
for distinct indices py and p, in the interval [1, *°]. Then, up to equivalence of
norms, the intermediate space (44, 4,)p, 4 is the Lorentz space LP9(G), with
1/p=(1-6)/p, +6/p, [BB, p. 187]. Lorentz spaces are discussed in [BB, pp.
181—187] and [Hun]. We recall some properties of these spaces. Fix p in the
interval (1, ). Then LP'P(G) is just LP(G) with an equivalent norm; a function
f belongs to LP>*(G) if and only if there exists a constant C such that m{x € G:
1fG)l > A} < (C/NP, for all positive A. Also, a linear operator T is bounded
from LP'P(G) to LP*™ if and only if T is of weak type (p, p); finally T is bounded
from LP'1(G) to LP*=(G) if and only if T is of restricted weak type (p, p).

Let 1 <p <o, and let 1 <gq, r <. Given a locally compact group G,
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let L;:; denote the space of convolution operators 7, with domain C,(G), for
which there exists a constant D such that IID"IIP’, <DIf Ilp, a for all fin C,(G).
Here we use |l ; to denote the norm in the Lorentz space LP*%(G). Equivalently,
we can regard Lf;j, as the space of all bounded linear operators, from the closure
of C,(G) in LP'9(G) to LP""(G) that commute with right translation. Then Lg:;
is a Banach space relative to the operator norm, and Lg:g is just Lg(G) with an
equivalent norm.

As we observed in the previous section, L}(G) - L%(G); therefore the two
spaces form an interpolation pair. Fix parameters 8 and g, with 0 <8 < 1, and
1 <q<o. Let

(16) 1p=(1-0)2+06/1;

let r and s be indices in the interval [1, =] satisfying the relation
an s=1/r+1/g-1.

The following theorem generalizes a result of Zafran [Zaf 2].

THEOREM 3. Let G be a locally compact group, and let the parameters
0, p, q, r,and s satisfy the relations above. Then

(18) (L3G), L1(G))y,4 C L2,

and the inclusion mapping is continuous.

PRrROOF. Adopt the temporary notations D, E, and F for the intermediate
spaces (L%(G), L}(G))o' @ L3(G), L‘(G))o' ,» and (L3(6), L'(G)),,, s Since
DC L%(G), the elements of D are convolution operators with domain C,(G).

On the other hand, since C,(G) is dense in L'(G), we can regard Li(G) asa
space of bounded operators on L!(G); similarly, we can regard L%(G) as a space
of bounded operators on L2(G). Consider the bilinear map

S: L1(G) x [L3(G) N L'(G))] — L*(G) N LY(G),
defined by letting S(7, f) = Tf. Clearly
IS(T, NI, < IlTlngllfllz and |IS(T, NI, < ||T||L1I|fl|1,
1
for all T and f. It therefore follows from Zafran’s multilinear interpolation
theorem [Zaf 1], that there exists a constant C, depending only on 6 and q,
such that IIS(7, f)llz < CITp|Ifllg, for all Tin L1(G), and all fin L%(G) N

LY(G). In Zafran’s statement of the theorem, the constant C is equal to 1, but
he uses a different definition for the intermediate spaces, and this leads to norms
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on these spaces that are equivalent to but not equal to the norms that we use.
We rephrase the inequality above as

(19) ITf Nl < CITp I fllg,

for all T in L}(G) and all f in L%(G) N L1(G).

If ¢ < oo, then the space L!(G) N L2(G), which is just L1(G), is dense in
D [BB, p. 170]; therefore inequality (19) holds for all T in D and all fin C,(G).
Now the space E is just LP'"(G), with an equivalent norm, and the space F is
just LP*5(G), with an equivalent norm. Thus inequality (19) states that if T € D,
then T € LF-7, and that the inclusion D — LF-7 is continuous.

If g = oo, then r = 1, and s = *; now Li(G) is not dense in D, but there
exists a constant K such that each element of T of D is the limit, relative to the
norm in L2(G), of a sequence (T,);—, of elements of L}(G) with IIT,,ll, <
KTl for all n. Fix such an element T of D and such a sequence (T,),-,; fix
fin C,(G). Then the sequence (T, f),—, converges, in L2(G), to Tf. Hence
T, f — Tf in measure. Now E = LP'!(G) and F = LP-*(G); therefore, by
inequality (19), IIT, f 5, <CKITpllfll, ; forall n. It follows that Tf €
LP%(G), and that |Tfll, . < CKITNplifll, ;. This completes the proof of the
theorem.

Inclusion (18) seems to be strict in general, because L}(G) is dense in
(L3(G), L}(G))y, > relative to the norm in L3(G), while, if G is infinite, compact,
and abelian, then L}(G)is not dense in LP-7 relative to the norm in L2(G). Indeed,
there exists a subset E of the dual group that is a A(g) set for all finite g, but is
not a Sidon set [Ebe]; then every bounded function on E can be uniformly
approximated by restrictions of transforms of elements of LZ:7, but there exist
bounded functions on E that cannot be uniformly approximated by restrictions
of Fourier-Stieltjes transforms [F-T, p. 31]. Sets with similar properties exist in
the circle group [Sta]. Finally, the question of the density of Lg(G) in L3(G),
where 1 <p < ¢ <2, is settled in [GI].

We now come to the main result of this section.

THEOREM 4. Let G be an infinite, locally compact group, and let 1 <p
<2. Then the inclusion L(G) C Lp: ;' is strict.

PROOF. It suffices to show that the norms on the two spaces of convolu-
tion operators are not equivalent. Denote these norms by [llgrong and Illyeax

Construct Rudin-Shapiro measures (p,,),—o as in the previous section, and
choose disjoint left translates (p;,),—, of these measures. Again, let uy =
E,’;;o 27n/p p,,- By convolving u, with a function in C,(G) with sufficiently
small support, we see that
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1/p N 1/p
“nN“strong >< Z II‘N({X})IP> = [Z (2—n/p)p * 2n]
(20) xXEG n=0
=N+ 1)t/P,

To estimate [luyllyeqx» We shall use Theorem 3, with @ defined by equation
(16), and with ¢ = p', r = p, and s = %. To this end, let 4, = L2(G) and
A, = L}(G), and denote the norms on those spaces by [|'ll, and ||ll; respectively.
By Lemma 1, we have that [lp,,ll, <+/22"/2; by Wendel’s theorem, [|p,,ll, = 2".
Since left translation is an isometry of 4, and A,, these norm estimates also hold
with p;, in place of p,,. We now estimate K(z; uy).
Suppose first that ¢ > 1. Write uy, = upy +0. Then

N
K(t; uy) < lluylly + fli0ll, V2 3 271/2-1/p),

n=0
Since 1/p > 1/2, this sum is bounded above by a constant C that is independent
of N. Hence

Ok u P <cp [T 1-00
(21) fl [£°K(t; uy)) . <C fl t dt.
Suppose next that ¢ < 27N/2, Write uy =0+ py. Then
N '
K(t; my) <IOllg + dluyll, <t 3 2"(71P) < pe2V/P,
n=0

for a constant D that is independent of V. Hence

-N/[2
Jo

Now 1 — 8§ = 2/p’, by equation (16). Therefore, the integral on the right

, , 2—N/2 .
[£ 9K u)1? ‘% <pP N f . ((1-0p -1 gy

simplifies to /22 tdt, and we conclude that
N2 .dt _DP
@) Io [Pk )P S <5

Finally, suppose that 27¥/2 < ¢t < 1. Let M be the integer such that
27MI2 <t <27M-1)/2; then 0 <M < N. Write

N M-1
py =2 2"Pp + 3 2"Ppp;
n=M n=0
then, much as above,
K(z; My) <E[2‘M(1/P—l/2) + tz(M-l)/P'] .

for a constant E that is independent of N. Using the fact that 27M/2 <t <
27M-1)/2 e have that
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K(t; py) < E[2A/P712) 4 (1-2/P)] = 259

by equation (16). Therefore,

@) L ok u1? & < o7 (§) g2

Let |I'll;, denote the norm in the space (L 6), L} 1(G))g,p*- Then inequal-
ities (21), (22), and (23) imply that lluyll;n, = O(N/P"y as N —> oo, Therefore,
by Theorem 3, lluyllyeax = OV! I’ ) as N — o, On the other hand, inequality
(20) implies that lluy llgerong # OV IP"y as N — oo, because 1/p > 1/p’. We
conclude that the norms in the spaces L5(G) and L} are not equivalent. This
completes the proof of the theorem.

The argument used above clearly does not work if p > 2, and it remains
-unknown, for such p, whether there exist convolution operators of weak type
(. p) that are not of strong type (p, p). It does follow easily from Theorem 4,
however, that, if G is infinite, and p > 2, then there exist convolution operators
that are of restricted weak type (p, p) but not of strong type (p, p). A stronger
result will be proved in Appendix 2.

COROLLARY S. Let G be an infinite, locally compact group, and let 1 <
p <2,0r2<p <o, Then the inclusion LP(G) c Lp < is strict.

Proof. If 1 < p <2, then this is immediate from Theorem 4. If p > 2,
we argue as follows. The duality argument used in the proof of Lemma 1 shows
that uy, the reflection of wy, has the same norm in Lg(G) as does uy, in L” (G);
in particular, this norm is not O(V! Ipy as N — oo, Similarly, uy; has essentxally
the same norm in Lﬁ: as does uy in L” ' ', since this norm is O(Nl Py as N —
oo, the norms in the spaces LP 5(G) and L 1% P are not equivalent, and the inclusion
LE(G) C Ly is strict; a fortiori the inclusion LE(G) C LP:7 is also strict. This
completes the proof of the corollary.

REMARK 2. Theorem 4 was proved for various classical, locally compact,
abelian groups by Zafran [Zaf 2]. For the case where G is the group of integers,
his proof involved the construction of a function on the circle that was smooth
enough to be a multiplier of weak type (p, p), but whose Fourier coefficients
did not belong to £?, so that the function could not be a multiplier of strong
type (p, p)- The result for other groups then followed by mapping arguments.

A similar program, starting with the case where G is the weak product of count-
ably many groups of fixed finite order, led to a proof of Theorem 4 for all in-
finite, locally compact, abelian groups, and all infinite, compact groups [Fou].
The method that we have used here is simpler than these methods and it yields
the result in full generality.
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REMARK 3. To get an explicit example, when 1 < p < 2, of a convolution
operator that is of weak type (p, p) but not of strong type (p, p), we again con-
sider the series

as) Ts= 2 (+1)y%2m/pp,

n=0

which converges in Lg(G) whenever |1/q — 1/2] < |1/p = 1/2|. Now

T, > 15 (e + pozmege o g
q n=0

If § < 1/p, then ||T;l 1.g is unbounded as q approaches p from above, and T

cannot be of strong type (p, p). On the other hand, if & > 1/p’, then, summing

by parts, and using the estimates obtained above for [luyll, ¢qx> We can see that

the series (15) converges in LF:». Hence T has the desired properties whenever

1/p' <8 <1/p.

4. Noninclusions among spaces LZ(G) with ¢ # p. The inclusions that
hold between spaces LZ(G), when g # p, depend on the group G. For instance,
if G is compact, then Lg(G) C L$(G) whenever p <r and q > s, because L'(G)
C LP(G), and L9(G) C L%(G) in this case; on the other hand, if G is discrete,
then L1(G) C L¥(G) whenever p >r and q <s. In some cases, inclusion occurs
because the smaller space is trivial. In fact, L9(G) = {0} if G is not compact
and g < p, or if G is not unimodular and ¢ > p [BE, p. 312]; in all other cases,
however, the space L3(G) is nontrivial.

In this section, we present noninclusion results that follow easily from the
properties of Rudin-Shapiro measures and polynomials. Related results that
depend on the structure of G are presented in Appendix 1.

Suppose that G is nondiscrete, noncompact, and unimodular. Then the
Rudin-Shapiro measures p, constructed in §2, being finite sums of point masses,
cannot belong to Lg if p < g; to see this, compare [|p,,  gll, with ligll, when g
is the characteristic function of a very small open set. To get convolution opera-
tions of type (p, q) with ¢ > p, we fatten the measures p,, as follows. Fix a
compact, symmetric neighbourhood K of the identity with m(K) <1, and let
V = K2. As we observed at the end of §2, we can construct Rudin-Shapiro
measures (p,,);— S0 that the sets y, V are disjoint, as are the sets Vy,. Denote
the support of p, by S,,, and choose an element z,, of G so that z, ¢ K>S, K>S 1.
Now let f be a nonnegative, symmetric, continuous function supported by X,
with [|fll; = lIfll.. =f(e) = 1. Finally, let

@9 F,=LGE,)p, *f+f*py
Then the map g —> F, g defines an element of LZ(G) whenever 1 Sp< g <oo,
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Indeed, by Young’s inequality for convolution, f € LZ(G) for all such p and g,
while p,, € Lg(G) n LZ(G).

Suppose next that G is discrete and infinite, with its Haar measure normal-
ized so that m({e}) = 1. Then the construction of F, given above can be re-
peated in this case; in fact, matters are simpler, because f must be the character-
istic function of {e}, and formula (24) simplifies to F,, = L(z,,))p, + p,-

We now generalize the main estimates obtained in Lemma 1.

LEMMA 6. Let 1 <p <q <, and let t = min(q, p"). Then there exists
a positive constant Cp, q such that

(25) G q2"" < IF,1l, q <222,
P

for all n.

ProoF. We deal first with the upper bound on ||F,,|I Lg: By Lemma 1
and the fact that ||fll; = 1, we have that

IEalp < 2oyl 11, < 2y/2 27 mex(/p1/p"),

This is the desired upper bound when p = q.

Because the set y, V are disjoint, the function p,, * fis a sum of 2" dis-
jointly-supported translates of f, and therefore, llp,, * fll., = 1. Similarly,
Ilf # p,llo = 1. The choice of z, guarantees that L(z,)p,  f and f *p, are
disjointly supported, so that ||F,|l., = 1. Since |F,,|| Ly = [IF,|l., the second
inequality in (25) holds when p = 1 and q = °°.

If p # q, and (p, q) # (1, ), then the point (1/p, 1/q) lies on the line
segment joining the point (1, 0) to some point (1/7, 1/r) on the diagonal of the
square [0, 1] x [0, 1]. We can write

(l/p’ l/Q) = (l - 0)(1, 0) + 0(1/’, l/r),

for a number 8 between 0 and 1. Then, by Riesz convexity,

Wl g < WFICSOIF 0, < 292 270 max(tim 1),
p 1 r

by what we have already proved. But, 8 max(1/r, 1/r') = max(l/q, 1/p") = 1/t,
and the proof of the second inequality in (25) is complete.

We now consider the lower bound on ||F, |l L3 Suppose first that 1/p +
1/g > 1. Then t = q. The choice of z, guarantees that L(z,)p,, * f + f and
f * p,, * f have disjoint supports. Thus

IF, * flly = IL(z )Py * f # fllg = lloy = % fllg,
On the other hand, since the sets y, V are disjoint, p,, # f  f is a sum of 2"



SPACES OF CONVOLUTION OPERATORS 73

disjointly-supported translates of f « f. Therefore

oy £ * fllg > 2" f » £l
and

WLl > IF, o £l If1, > 27791 f « £l /111,
14

This is the desired lower bound with Cp,q =|fxf Ilq/II f "p'

If 1/p + 1/ <1, then t = p’. The adjoint of the map g > F,, # g, is
the map g > FY g, where FY = R(z; )(f * pY) + p){ « f. An argument
similar to the one in the previous paragraph shows that

"F"\'/"L’q’: > qu,ptzn/p .

Since [IF,ll, g = IIF)Il, p:, we get the desired lower bound with Cp.q =Cy'.p"
This comple?es the proof of the lemma.
Now we generalize Theorem 2.

THEOREM 7. Let G be a noncompact, unimodular, locally compact group.
Let 1 <p, q,r, s <o Suppose that p < q, and that min(s, r") < min(g, p").
Then L3(G) is not included in L)(G).

PROOF. Suppose that L1(G) C Lj(G). Then the space Ly(G) is nontrivial,
because F, € Lg(G); therefore r <s. By the closed-graph theorem, the injection
Lg(G) — L3(G) must be continuous. The estimates given in Lemma 6 for
[ L and "anl,i imply that such a continuous injection can exist only if
min(s, ') > min(q, p"). Hence LI(G) ¢ L§(G) if min(s, ') < min(g, p'), and
the proof of the theorem is complete.

We now consider inclusions among the spaces LZ(G) when ¢ > p', and G
is compact. Our next theorem improves slightly a result of Figd-Talamanca and
Price [F-TP 1], [F-TP 2].

THEOREM 8. Let G be an infinite, compact group. Let 1 <p,q, 1 s <
o, Suppose that p < q, and that min(r, s') < min(p, ¢'). Then L(G) is not
included in L}(G).

Proor. Figd-Talamanca and Price prove this except in the case where
g =p'. To extend their proof to this case, we need only show that if 0 < a <
2/p' < 2/p, then there exists a finite index s such that

(26) 171, IO, A1,

for all trigonometric polynomials £, Since the point (1/p, 1/p') lies on the line
segment joining (1, 0) to (1/2, 1/2), there exists an index ¢ such that (1/¢, 1/¢')
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lies strictly between (1/p, 1/p") and (1, O) on this line segment, and such that

U/p, 1/p")y = (1 = a)(1/t, 1/1) + o(1/2, 1/2).
By Riesz convexity,
' o (17a
llflng < lIfIIL%IIfIIL‘; ),

Now let s =¢'/2. Then, by Young’s inequality for convolution, ||f]l L ;' <IIfll, and
inequality (26) is proved. The rest of the proof of the theorem proceeds as in
[F-TP 1] and [F-TP 2], and we omit it.

We continue to suppose that G is compact. If 1 <q <2 <p, then L"(G)
= L%(G), with equivalence of norms. Except for the case where p = ¢ and
q = 1, this is proved by randomization arguments in [F-TP 1] and [F-TP 2};a
different approach, due to Gilbert [Gil], gives the result in general. We remark
that the case where p = o and ¢ = 1 can be handled by randomization arguments.
Indeed, by the Riesz-Thorin theorem, if 1 < g < 2, then IIgIILZ < IIgI L |Iglll‘o
for the appropriate 8 in (0, 1) and arbitrary continuous g. Since L2 (G) and
L9,(G) have norms equivalent to L2 2(G), ligll, L = Clgll L2- The inequality
||g|le =C'ligl LL being evident, and contmuous functlons being dense in L} (G)
in the strong operator topology, the remark is verified.

On the other hand, if 1 <q <p <2, then LY 26) = Lp p » again with
equivalence of norms [Saw]. Finally, a duality argument shows that, if 2 <q <
p < o, then Lg(G) = Lg:g , with equivalence of norms. Interpolation arguments
show that if 1 <p <2, then L(G) C Lg:;" C LY(G) whenever 1 Sr<p<s<
2; similarly, if 2 < g <o, then L}(G) C Lg:‘} C LY(G) whenever 2 <s<q <r.

We conclude that, in Theorem 8, the assumption that p < g can be re-
placed by the weaker assumption that min(r, s") < 2; the latter assumption is
essential, because, if min(r, s') > 2, then s <2 <r, and LZ(G) C L3(G) for all p
and q.

REMARK 4. Suppose that G is noncompact but unimodular, that 1 <p <
g <, and that 1/p + 1/gq > 1; then there exists a convolution operator on G
that is of weak type (p, q) but not of strong type (p, ). We sketch the proof.
First, write

(1/p, 1/g) = (1 - 6X1,0) + 6(1/r, 1/n),

for suitable indices r and §. Then, much as in the proof of Theorem 3, we have
that (L7(G), LY(G))g,,» C Lg ;”, with continuous inclusion. Choose left translates
F of the functions F, considered in Lemma 6, so that the functions F *f
have disjoint supports, and let Hy, = 2 2""/‘7F Then the norm of Hy in

the intermediate space (LT (G), ’(G))a . is OV v’ ) as N — oo, while the

norm of Hy in LY(G) is at least (V + 1)‘/‘7 If + fll/If1l,. These estimates,

combined with the closed-graph theorem show that Lq"” <,T. LX(G). We do not
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know whether this noninclusion must also occur when 1/p + 1/g < 1, but we
can show in this case that Lg:‘f ¢ Lg(G).

S. Operators that commute with left translations. All our results about
noninclusions of the spaces L‘;(G) also hold for the corresponding spaces LZ(G)
of operators that commute with left translations, provided that the group G is
unimodular. Indeed, left and right translation coincide if G is abelian. If G is
unimodular, but not abelian, denote by GV the group that coincides with G as a
topological space but has the opposite multiplication; i.e. the product of x and y
in G is yx. Since G is unimodular, its Haar measure is also a Haar measure on
GY, and LP(G) = LP(GV) for all p. It follows that an operator belongs to (%))
if and only if it belongs to L7(GY), and thus the inclusions and noninclusions
holding for the spaces Lg(GV) also hold for the spaces LZ(G).

Even if G is not unimodular, the results in § §2 and 3 concerning the spaces
Lg(G) and L;:Z also hold for the corresponding spaces of operators that commute
with left translations: the proofs of these results can be modified to work for
the spaces L7(G) and LY. For instance, in defining Rudin-Shapiro measures,
we now set p, ., = p, + R(x,)o,, with each x,, chosen so that, inter alia, they
belong to the (noncompact) kernel of the modular function; in the analogues of
Lemma 1 and Theorems 2 and 4, we identify p, with the operator f > f « p,.

We now consider the spaces Lg(G) for nonunimodular G. The proof that
the spaces LZ(G) are trivial if ¢ < p also works for LZ(G); hence we assume that
q=>p. Ifg€C,/G), the map f —> f » g defines an element of LZ(G) whenever
1 < p < q < o; we identify g with this operator. We follow Hewitt and Ross
[HR, §20] in our definition of the modular function A.

THEOREM 9. Let G be a nonunimodular locally compact group; suppose
1<p<q<andgecC,G). Then, foral x in G,

@7 ILG)gl o = A@)™HPlgll
P Lp
and
= —l/q'
(28) IR(x)g I g A(x) gl g

PROOF. Observe that f * R(x)g = R(x)(f * g), for all fin C,(G), so that
If % RE)gly = AGY U » gy < ATV I71 gl
p

and thus

RGN 4 < AG)™lgll
lp Lp

Since g = R(x"!)R(x)g, we have also that
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Igll, g < A6 IRsN g,

and the equality (28) is proved.
Next, for arbitrary fin C,(G), f * L(x)g = [R(x)f] = g so that

If + (L]l < NRE)S] » glly S IRGIlgll g = A 'Uf1 Mgl g,
p p

and
||L(x)gnLg < A)HP|Igll n

The equality (27) then follows from the identity g = L(x"*)L(x)g.

COROLLARY 10. Let G be a nonunimodular locally compact group. Then
no inclusions hold between distinct spaces Lg(G) (Q<p<g<™).

PROOF. Since A(x) can be made arbitrarily large or small, the equalities
(27) and (28) imply that no inclusions between distinct spaces L7(G) can be
continuous. On the other hand, the closed graph theorem implies that any such
inclusion must be continuous. Hence there are no inclusions between distinct
spaces L](G).

The preceding corollary suggests we should study rather different inclusions
if G is not unimodular. Given an operator T from C,(G) to LI‘OC(G), we define
(A%T), for any complex number 6 thus: (A°T)f=A% - [T(A~? - f)], A% -f
and A? - [T(A™°f)] being the usual pointwise products. Note that if, for some
gin LY (G), Tf =f » g then (A°T)f = f « (A% - g), where, again, A? - g is
the pointwise product. We define A® LZ(G) in the obvious manner.

LEMMA 11. Let G be a nonunimodular locally compact group; suppose
1<p,q s<w,and lfp-1/g=1-1Js. Let§ =1/p’. Then A°L5(G)C
Lg(G).

ProOF. We use the complex interpolation theorem of Stein [Ste 1], which
states that if {T,: z € C: Re(z) € [0, 1]} is an analytic family of operators such
that |IT;, iy(f g j SMIf "Pi whenever f € C,(G), y €R, and j = 0, 1, then
T, fllg <M},‘9M‘i'||fllp for fin C,(G); here 0 <6 <1, 1/p = (1 - 0)/py +
6/p, and 1/q = (1 - 8)/qo + 6/q,.

Let us treat the case where p = g, so that s = 1. Now L}(G) and LZ(G)
are exactly M(G) and A - M(G) respectively. If u is a compactly supported
measure, the family {A” - u: z € C, Re(z) € [0, 1]} is analytic in the interior
of the strip {z € C: Re(z) € [0, 1]} in the strong operator topology (Cy(G) to
Co(G)); using the obvious estimates, we find that a8 - ““Lg < Jlull (- Evidently
we can conclude that A? L1(G) C LB(G).

The cases where p # q are treated similarly: one interpolates between the
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known inclusions L§(G) C L(G) and A'*L3(G) C L3 (G).
We have shown that there are nontrivial inclusions for the spaces A? L2(G).
The next theorem shows these inclusions are relatively simple.

THEOREM 12. Let G be a nonunimodular locally compact group. If
1<p<q<o,1<r<s<e, and LYG) C A® - L%(G), for some real number
6, then 1/p—1/qg=1/r—1/s,and 6 = 1/s - 1/q.

PROOF. The translation estimates of Theorem 9 hold the key to this
theorem also. The inclusion hypothesized must be continuous, by the closed
graph theorem; so, for a constant C independent of g in C,(G) and of x in G,

-0
29 A= - gll 3 < (gl g’
(30) 1877 - R<)gl o < CIRG)gH .
and

1870 - Lgll 5 < QUL -
r p

Now A7 - R(x)g = A™%(x) - R(x)[A™® - g]; s the right translation
equality (28) can be applied to inequality (30) to obtain
A7) - AN, < AGYH gl -
r p
In order that this inequality be compatible with inequality (29), it is necessary
(and sufficient) that 6 = 1/s — 1/q. Applying the left translation equality in a
similar way, we show also that § = 1/r — 1/p, whence the theorem.
Our final result for nonunimodular groups is proved using fattened Rudin-
Shapiro measures, much as in Theorem 7. We omit the proof.

THEOREM 13. Let G be a nonunimodular locally compact group. Suppose
that 1 <p <q << and 1 <r<s<oo, that 0 is real, and L3(G) C A° L¥(G).
Then min(s, r') > min(g, p').

Appendix 1. Group structure and noninclusions for the spaces Lg(G). In
this appendix, we sketch some further relations between structure of the group
G and inclusions for the spaces LI(G), generalising results of R. Lipsman [Lip 4]
and M. Rajagopolan [Raj 1], [Raj 2]. In view of the results of the previous
section, we restrict our attention to unimodular groups. Proofs of the next
three theorems are given below.

THEOREM 14. Let G be a unimodular nondiscrete locally compact group;
suppose 1 <p, q,r,s<,and 0< 1/p - 1/q < 1/r—1/s. Then LZ(G) is not
included L3(G).
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ReMARK S. For infinite compact abelian groups, this theorem and
Theorem 8 combine to give best possible results. For, if G is abelian, Lq(G) =
L (G) applying the Riesz-Thorin theorem, and using the fact that Lq(G) C
L’(G’) whenever p <r and g > s, we find that Lq(G) is contained in all the spaces
L3(G) not specifically excluded by Theorems 8 and 14. For some nonabelian
groups G [Obe], it can happen that L"(G) # LP (G).

Before stating the next theorem, we remmd the reader that a locally com-
pact group G is said to be near-connected if it is compact modulo the connected
component of the identity, that the radical of a Lie group is the unique maximal
connected solvable normal subgroup, and that a Lie group is said to be semisimple
if its radical is trivial.

THEOREM 15. Let G be a unimodular, locally compact group; 1 <p, q, r,
s<oo,and 1fp-1/g>1/r—=1/s=0. If Lg(G) is included in L(G), then G
has an open near-connected subgroup G, which has a compact normal (in G,)
subgroup N such that G /N is a semisimple Lie group with finite centre.

THEOREM 16. Let G be a unimodular, locally compact group; suppose
that 1 <p, q,r, s <o, that 1/p = 1/g > 1/r = 1/s > 0, and that L}(G) C L}(G).
Then every compact open subgroup of G is contained in a maximal compact
open subgroup of G of uniformly bounded Haar measure; for any compact open
subgroup K of G and any x in G, either x" € K for some integer n, or no rela-
tion x"K = Kx™, with m, n, # 0, can hold.

REMARK 6. If an infinite discrete group satisfies the hypotheses of
Theorem 16, it must contain a Burnside group, i.e. a finitely generated infinite
group in which every element is of bounded order. To see this, take K = {e}
in the theorem above.

REMARK 7. We are unable to combine Theorems 15 and 16 to give
restrictions on both the identity component G, and the quotient group G/G,
for a group G satisfying the hypotheses of Theorem 15. It seems plausible that
such a combination might be made.

The proofs of Theorems 14 and 15 depend on Yamabe’s structure theorem,
which states that any locally compact group G has an open near-connected
subgroup G,, which has a compact normal subgroup N such that G, /Nisa
connected Lie group. D. Montgomery and L. Zippin [MZ, 2.6, 2.7, 4.6] give
full details of this result. The proof of Theorem 14 hinges on the following
lemma.

LEMMA 17. Suppose G is a nondiscrete locally compact group. There
exist a sequence of relatively compact neighbourhoods (U,,) of the identity in
G such that
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m(U: ) mU,), n=12,...; mU,)—0 asn-— o,

where C is a constant independent of n, and m(U,)) is the Haar measure of the
set U,.

Proor. If G is totally disconnected, then the family of compact open
subgroups of C is a basis for the topology of G at the identity. Take (U,) to
be any (strictly) decreasing sequence of such subgroups. Clearly this (U,,) satisfies
the required conditions.

If the identity component G, of G is compact but not open, we take a
similar sequence in the quotient G/G, and carry it back to G by means of the
canonical projection of G onto G/G,.

If the identity component G, of G is compact and open, we can find a
normal subgroup N of G, such that Gy/N is a compact Lie group (see [FTP 2]).
Such a sequence (U,) of neighbourhoods is known to exist in a Lie group [EH];
it can be carried back to G, by means of the canonical projection.

Finally, if the identity component G, of G is not compact, we apply
Yamabe’s theorem: G has an open, near-connected subgroup G, with a compact
normal subgroup N such that G, /N is a Lie group. A sequence can be found
in G/N and carried back to G,.

PROOF OF THEOREM 14. We estimate the L7(G) and Lj(G) norms of the
characteristic function xy,, of U,, where U, is a member of a sequence of
neighbourhoods as in Lemma 17.

Let ¢ be the number such that 1 — 1/t = 1/p — 1/q. Then L¥(G) is em-
bedded continuously in L7(G), and

||Xu,,“ 9 < “xUn" ,=mU )\ et1ia,
Now observe that m(U,.)X -1 < Xy, * X vz S0

m(U, )le _lll <lixy IIL,IIXU_zll,,
ie. m(U,)m(U,)!/* < leUnllL,m(Uz)’/' With the constant C of Lemma 17,
it follows that

Ixg, s > CHrm(U,)t T U,

These two estimates, together with the fact that m(U,)) can be arbitrarily
small, imply that L1(G) cannot be imbedded continuously in L3(G); hence, by
the closed graph theorem, LZ(G) is not contained in L}(G).

The proof of Theorem 15 is rather long, and will be presented after a
series of five lemmas. The first of these is motivated by Yamabe’s theorem.

LEMMA 18. Suppose G, is an open subgroup of the locally compact
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group G, and that N is a compact normal subgroup of G,. Then, with a natural
definition of support and constancy on cosets, Lg(Gl) can be identified with
the subspace of LZ(G) of operators supported in G, and LZ(G 1/N) can be iden-
tified with the subspace of L;’,(Gl) of operators constant on cosets of N in G, .

PROOF. Say that an operator T is supported in G, if T(f) is supported
in G, whenever f is, and use the identification of LP(G,) with the subspace of
LP(G) of functions supported in G, .

Write u for the central idempotent measure (on G,) carried by N: for any
finC,(G,), u*f(x)= fyf(xn)dn and say that T is constant on cosets of
N in G, if and only if T(f) = T(u * f) for every f in C,(G,). Use the isomor-
phism of LP(G, /N) with the subspace of LP(G,) of functions constant on cosets
of Nin G,.

LEMMA 19. Suppose that G is a unimodular locally compact group, that
1<p,q,r,s<o, that 1/Jp—-1/qg > 1/r—1/s = 0, and that Lg(G) C LJ(G).
Then L*(G) C L3(G), where 1 = 1/t = 1/p — 1/q.

PrOOF. LY(G) is a subspace of L(G).

LEMMA 20. Suppose that G is a unimodular locally compact group, that
1<p,qr,s<oo that 1/Jp—1/qg > 1/r—1/s >0, and that LZ(G) C LY(G).
Then the centre of G is compact.

PROOF. Suppose the centre is noncompact. We shall reach a contradiction.
Using structure theory for LCA groups [HR, 24.30], we see that G contains an
infinite discrete central subgroup D or a noncompact central subgroup D' with a
compact open subgroup K. In the latter case, G/K has an infinite discrete central
subgroup D'/K; by Lemma 18, there is no loss of generality in assuming that G
contains an infinite discrete central subgroup D.

We claim that L*(D) C L3(D), where 1 — 1/t = 1/p — 1/q. To see this, take
a small relatively compact neighbourhood U of the identity in G such that Bn
D = {e}. If f€ L'(D), then f' such that f' = 2, f(d)L(d)xy belongs to
L¥(G), hence to L5(G), by Lemma 19 and the hypothesis that L1(G) C LY(G).
For g and & in C(D), we define g' and A’ analogously, and note that

I(f' * xy *x)lp *8 =A@l = |f " « H'(e)l
<Ifl L illg'll,llh'll_,' =arfi L illgll,llhll_,'
for some constant C. The converse of Hélder’s inequality implies that

1"+ Xy * Xolp * &l < CUFN gl

ie. (f' * Xy * Xp)lp € LE(D). Our choice of U guarantees that (f' * Xy * Xp)lp
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= C'f, for some constant C'; so we conclude that L¥(D) C L(D), as claimed.
Now an infinite abelian group contains a copy of ‘the integers Z or an in-
creasing sequence of finite subgroups D,,. If Z C D, we have a contradiction:

"X[—N, N] * X [-N,N] lly < "X[—N.N] "L g"xl'N'Nl Il

whence "x[—N.Nl “L‘; = C"Nl".lls_l/' whereas "x[—N,Nl ", = (2N + l)l/t,
which the closed graph theorem shows is impossible. However, if D contains an
increasing sequence of finite subgroups D,,, we also obtain a contradiction by
examining Xp, * Xp,- We conclude that the center of G must be compact.

LEMMA 21. Suppose that G is a connected, unimodular, metrizable, locally
compact group, that 1 <p, q,r, s <o, that 1/Jp — 1/q > 1/r — 1/s > 0, and that
Lg(G) C LY(G). Suppose also that G contains a normal abelian subgroup N. Then
N is compact.

PROOF. Suppose N is not compact. We shall reach a contradiction. Let K
be the maximal connected compact subgroup of N, which, being characteristic in
N, is normal in G. By factoring out K and applying Lemma 18, we can assume
the connected component of N is R® (n=>0). If n =0, N is central (see [HR,
7.17]) and noncompact, which is impossible by Lemma 20. Therefore n = 0;
being the connected component of N, R” is characteristic in N, so normal in G.
We are reduced to considering the case where G contains R” (n > 0) as a normal
subgroup.

Let w be the canonical projection of G onto G/R". G. Mackey [Mac,
Lemma 1.1] tells us that there is a cross-section £ (i.e. a map G/R" — G such
that n% is the identity) such that £(G/R") is a Borel set and £(K) is relatively
compact if K is compact. Let K be a fixed compact subset of G/R".

We write x£ for g 'xg, and B, for the ball of radius k in R". Evidently
¢(K)B, is a Borel set in G. Note

[£(K)B,]? = E(K)B,£(K)B, C E(K)*BEX)B,.

Automorphisms of R” are linear, and £(K) is a relatively compact set, so Bi(K ) g
B, for some constant c. Then [£(K)B,]% C £(K)*B 4 1y;- Since K? is com-
pact, £(K?) is relatively compact, as is £(K)?. So £(K*)"'¢(K)® N R, C B, for
some finite b. It is now easily checked that £(K)? C §(K?)B,, so that [£(K)B,]?
c g(K’)Bb,,_(c_,, 1)k

Write S, for the Borel set £(K)B,. Observe that m(Sy) =m,, /R n(K)mp 5(By);
so m(S;) can be made arbitrarily large. Note also

m(s}) < me rn& 2w Byt o4+ 1y6) < Omi(Sy)
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for all sufficiently large k. We estimate the norms of the xg, in L3(G) to obtain
a contradiction via the closed graph theorem, as in so many preceding proofs.
Let ¢ be the number such that 1 — 1/t = 1/p — 1/q. Then (Lemma 19)

lesklng <lixs, Ml = m(S,)~1/p*1la,
However, m(Sk)xSEl <Xsy * Xs;” $0 m(Sk)llxs;‘_IHs < leskll L,;HXS;‘_le,, ie.

mE) 1 <lixg Il S
r

Applying the estimate obtained in the previous paragraph and remembering that
m(S,) gets arbitrarily large as k gets large, we conclude that L3(G) ¢ Lj(G), a
contradiction.

LEMMA 22. Suppose that G is a unimodular Lie group, that 1 <p, q, 1, §
< oo, that 1/p > 1/r — 1/s 2 0, and that LZ(G) C LY(G). Then the radical of G
is compact.

PROOF. The radical R of G is the maximal connected solvable normal
subgroup of G. There is a finite series

R=RO > RO B>RA)> ... R (M) = (o}

where each RU+1) is the topological commutator subgroup of R\), so character-
istic in R, and normal in G; also, RD/RU*1) is abelian.

If R is noncompact, at least one factor RUY/RU*1) is noncompact. Sup-
pose that RU+1) is compact but R¢) is not. By Lemma 18, L‘;(G/R“"’”) C
L(G/RU* D)), but RW/RU*1) s a noncompact, normal, abelian subgroup of
G/RU*1), which is impossible by Lemma 21. We conclude that R must be
compact.

PROOF OF THEOREM 15. We suppose that G is a unimodular locally com-
pact group, and that L1(G) C L5(G) where 1<p, q,r,s<eand l/p—1/g >
1/r = 1/s = 0. By Yamabe’s theorem, G has an open subgroup G, with a com-
pact normal subgroup N such that G, /N is a connected Lie group. By Lemma 18,
LIG,/N) c L(G,/N); so the radical R/N of G/N is compact by Lemma 22.
Then R is a compact normal subgroup of G,, and G, /R is a semisimple Lie
group. Applying Lemmas 18 and 20, we conclude that G, /R has finite centre,
as required.

PROOF OF THEOREM 16. We suppose that G is a unimodular, locally com-
pact group, and that LZ(G) C LY(G), where 1 <p, g, r, s <°° and 1p—-1/g>
1/r—1/s > 0. Suppose that G, is a compact open subgroup of G. Since
m(Gy)XG, = X6, * X6y IXG,ll s > m(G, )+ 111 However, if ¢ is the
number such that 1 — 1/t = 1/p — 1/q, then

llen"Lg <lixg,lle = m(G,)t t1/a-1lp,
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An application of the closed graph theorem now shows that there is a
constant C such that m(G,) < C for every compact open subgroup G, of G. It
follows that every compact open subgroup of G is contained in a maximal com-
pact open subgroup of G, because the Haar measure of all compact open sub-
groups is uniformly bounded.

Suppose now that K is a compact open subgroup of G, that x € G\K, and
that {x"} N K = {e} for all n. If any relations x"K = Kx™ hold (m, n # 0),
we reach a contradiction as follows. Consider the function 2’,1’_._, L(x"”)xK.

On the one hand, by Lemma 19,

N
£
1
On the other hand,
N N . N N .
[Z L(X"”)xx] . [}: R(x"")xK] =3 3 LeM™MLe My,
k=1 j=1 11

so that, for some constant C,

< [V - m(K)] 1+1/q-1/p
q

Lp

> C[N . m(K)] l+l/:—l/r.
s

r

N
Z L(xk”)xx
1 L
Application of the closed graph theorem yields the required contradiction.

REMARK 8. The following result appears likely: if G is an amenable,
unimodular, noncompact, locally compact group (i.e. if there exists an invariant
mean on L”(G); F. Greenleaf [Gre] gives a good discussion of amenability),
and 1/p —1/qg > 1/r = 1/s > 0, then Lg(G) is not included in L}(G). It is cer-
tainly true if 7 = s, or if G is near-connected. For in the first case, L!(G) C
L3(G) for some ¢ greater than one, but any positive locally integrable function
in L$(G) belongs to L1(G), so that G must be compact; in the second case, we
combine Theorem 15 with the known fact that all amenable, connected, semi-
simple, Lie groups are compact.

REMARK 9. If G is a connected, semisimple, Lie group with finite centre,
then probably L(G) C LY(G) if 1/s <1/t <1-1/r+ 1/sand 1/r + 1/s > 1.
For certain such groups (SL(2, R), SL(2, C), for example) it is known that
LP(G) » L*(G) C L*(G) if 1 <p < 2-see [KS], [Lip 1], [Lip 2], [Lip 3], and
recent results [EL] support this hypothesis in general. Rewriting this inclusion
as L%(G) » LP(G) C L*(G) and using multilinear complex interpolation between
this result and the known inclusions L}(G) » L1(G) C L}(G), L'(G) = L™(G)
C L™(G) proves the claim when L2(G) s LP(G) C L?(G).

REMARK 10. Despite the above remark, L2(G) C L2(G) if and only if G
is compact [Ric]. Another result is the same vein is due to N. Lohoué [personal
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communication] : if G is a near-connected locally compact group, 1 <p <2,
and LP(G) C L;(G), then G is compact.

REMARK 11. If G is a noncompact semisimple Lie group with finite
centre, and if all measures of the form Z7° ae(x;), where Z7 |¢,1? < o0 and {x;}
is discrete, belong to L%(G), then p = 1. This is proved using results of Herz
[Her 2], which show that L2(Z) can be identified with the subspace of L(G)
of operators “supported” by Z, where Z is a discrete subgroup of G isomorphic
to the integers.

Appendix 2. Convolution operators between Lorentz spaces. Recall that,
if s <t, then LP*(G) C LP'*(G). We therefore have the inclusion

@D L5:s CLh:} whenever ¢ >rand s <t

We now show that many of these inclusions are strict if the group G is infinite
and p # 1, 2, . In particular, we show that, in this situation, Lg:;' #* Lg:;',
that is, that there exist convolution operators of restricted weak type (p, p) that
are not of weak type (p, p). Unfortunately, our methods do not tell us whether,
when p > 2, there must exist convolution operators of weak type (p, p) that are
not of strong type (p, p).

Just as in §3, we prove our results by estimating the norms, in the various
spaces Lb:7, of sums of translates of Rudin-Shapiro measures. It seems best,
however, to change our convention concerning Rudin-Shapiro measures, by
replacing left translation throughout by right translation, much as in §5. That
is, we still let p, = 0y = €(e), but now, given p, and o, both supported by a
finite set S,,, we choose x,, in G so that the set S, x,, its disjoint from S,,, and
we let

(32) Pp+1 = Pn + R(xn)on’
and
33) Ops1 = Pn ~ R(X,)0,

These measures differ from those defined in §2, unless the x,, commute. Much
as in §2, however, the new measures can be represented in the form

2" 2’!
Pn= X re(yg) and o, = 3 ske(y,),
k=1 k=1

although the sequence (y;)x—, may differ from the one that arose when we used
left translation.
We continue to identify measures u with convolution operators g —
u « g It is no longer obvious that Lemma 1 holds; indeed, it seems doubtful
that identity (10) of §2 holds if the x; do not commute. Nevertheless, inequality
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(11) and Lemma 1 still hold. The quickest way to see this is to observe that
the reflected measures pY and oY are Rudin-Shapiro measures constructed using
the left translation operators L(xg!), L(x'),... . Now

ol , =lpYll o+ and llg,ll. , =¥l 5
14 n"rp n"; p n';p,
Lp Ly Lp Lp

therefore, the estimates (8) and (9) continue to hold for the new measures p,,
and g,,.

For later use, we need an identity that implies, incidentally, that p,, can
itself be regarded as a Rudin-Shapiro measure constructed using the left transla-
tion operators L(x,) in the order L(x,,_,), L(x,_5), . . . , L(x,), L(xq). To this
end, we fix an integer N > 0, and define measures {n,}\_, and {t,}3_,, by
letting 7y = §, = €(e), and, given 7, and §,,, letting

G9 Mut1 = M+ L&EN—p—1 K>

and

(35) $nt1=Mn ~ LGtn—n-1%n-

The point of these definitions is that, if m + n = N — 1, then
(36) PN =P # My + R(X)0p,) # §p

This identity is obvious if n = 0, and follows for other values of n by an induc-
tive argument that depends on the fact that [R(x)u] « v = pu » [L(x)v]; the
corresponding identity for Rudin-Shapiro polynomials appears, in a disguised
form, in [Bri, Theorem 1]. Setting m = 0 in formula (36) we see that p), =
-1 + LOo)n-1 = -

Continue to fix N, let S, denote the support of py, and let T =
[Sy U S3113. Proceeding inductively, choose elements {v,}¥—5 and {w, }}=3
of G so that each v, lies outside the sets U,, <, TV,, and U, < TW,,, while
each w,, lies outside these sets and outside Tv,, as well; this is possible if G is
infinite. Fix p in the interval (1, 2), and let

(37 vy = IE‘ 2P (R4, )P + RWp)R(X,) 0, -
m=0

Finally, let vy be the reflection of v.

LEMMA 23. Let 1 <r<s5 <o, let u = min(s, 7'), and let 1/g = 1/s +
1/r. Then the norm of vy, in L’;:: is at least CN'/*, and at most DN'/9, for
positive constants C and D that depend only on N. The same estimates hold
for the norm of vy in Lf,::;:.

PrOOF. Write 1/p = (1 — 6)/2 + 6/2. Now vy, belongs to L3(G) N L1(G)
and hence to the intermediate space (L%(G), L}(G))o,q. Exactly as in §3, we can
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estimate K(t; vy), and show that [luylly , = O(N'/9) as N — o0, By Theorem
3, the norm of vy in L% is O(N'/9) as N — oo. This is the desired upper
bound.

To get the lower bound, we suppose first that 1/r + 1/s > 1;thenu =s.
The assumptions concerning the sequences (v,)¥=3 and (w,, )} guarantee that
the various terms in the series (37) have disjoint support. Thus vy, is a sum of
Z‘ﬁ;’o 2+ 2™ =22V - 1) disjoint point-masses. Choose a compact neighbour-
hood K of the identity so that, if x and y are distinct points in the support of
vy then the sets xK and yK are disjoint. Let f be the characteristic function
of K; then 1£1l,,, is essentially m(K)!/P [SW 2,p.192]. Letg = vy * f, and
let g* be the nonincreasing rearrangement of g on (0, *°); then

2 if 0 <u < 2m(K),
g¥w) = {27™/P if 202™ - Dm(K) <u <202™*! - Dm(K),
0 if u =202V - Dm(K).

Now ligll,  is essentially {fg [u!Pg*(u)]® dufu}' /s if s < o, and
sup, u' /Pg*(u) if s = eo. It follows that ligll,  is essentially N Uspg)t /P,
Therefore, the norm of vy, in Lg:i, which is at least ligll,, SIf ll,,,» must be
bounded below by CN/3, for a positive constant C that is independent of N.
Now suppose that 1/r + 1/s < 1; then u = r’. Define a discrete measure

By by letting

N—-1

By = Zo 2P (LA pe 1 + LOVRE oy K}

n=
Form the product vy * By. If m + n =N — 1, then by identity (36), the
terms

[R@p)Pm] * [L(v5"In,] and  [ROW,)R(x,,)0,,] LW, X,]

are supported by Sy. The choice of {v,} and {w,} guarantees that all other
terms appearing in the expansion of the product vy, # B have supports disjoint
from Sy; let ay; denote the sum of these other terms. Then, by formula (36),
vy * By =N2"W~DIPp. + .. Choose a compact neighbourhood K of the
identity, with characteristic function f, so that if x and y are distinct points in
the support of pj, or B, then the sets xK and yK are disjoint, and so that the
functions py, * f and @,  f have disjoint support. Let g =, » f, and let

h=vyxg=[N2WVPp +o.]f

Then, as above, llgll, , is essentially V' I'm(K)!/P. Because the functions py * f
and oy * f have disjoint support,
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llell, o = N2~ O DIPY gy 4 fll, o > N2ZO"DPYpy £l
> N2 W-DIP 2Nk 1P = 2V IPNm(K) P,

This shows that the norm of vy in L%}, which is at least [IAll, J/llgll, ,, is
bounded below by CN! 4 , for a positive constant C that is mdependent of N.

That similar estimates hold for the norm of vy in L2 "’ + follows by a
simple duality argument based on two facts. First,

J, On * NWE@ax = [ 1@y « 1091 d,

for all f and g in C,(G). Second, if h € LP'*(G), then [Ihll, , is essentially equal

to
sup g

This completes the proof of the lemma.
We now use the lemma to show that many of the inclusions (31) are
strict.

f f(x)h(x)dx‘ FECG), ISl =1

THEOREM 24. Let G be an infinite, locally compact group. Let 1 <p <
20r2<p<e Jf1<q<2,and q<r<t<gq', then the inclusion

p.r C Ipit
(38) Lpqa C Lo
is strict. If 2<r<eo, and r' < q <s <r, then the inclusion
(39 Lh Ly
is strict.

Proor. If inclusion (38) is not strict, then the norms in the two spaces
must be equivalent. We now show that these norms are, in fact, not equivalent.
Suppose first that 1 < p < 2, and that ¢ = 1. We know by Lemma 23 that the
norm of vy in L] is at least CN'T while its norm in L”'l is at most DN/®,
Hence, if 1 <r <t < o, then the norms in the spaces L o 1 and L”' are not
equivalent.

If 1 <q <2, then LP'9(G) is reflexive [Hun, p. 262]. Let 0 <6 <1,
and u = q/(1 — 6). Then in the complex interpolation method [Cal, pp. 124—
128], we have that [LP-9(G), LP'"(G)] 4 = LP'*(G), with an equivalent norm.
Renorm the spaces LP'%(G), using the intermediate norm arising from the com-
plex method, and give the spaces Lg:g the new operator norm. For each positive
integer N, and each point ¢ in the interval [0, 1/q), let f(¢) be the logarithm
of the norm of vy, in the space Lg:},“’. Then fy is a convex function. Suppose
that ¢ <t <¢q'; then by Lemma 23, we can make the difference fy(1/¢) — f,,(0)
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as large as we like, simply by taking NV large. Now, if also ¢ <r <, then, by
the convexity of fy, we can make the difference fy(1/r) — fy(1/1) as large as we
like. This shows, for such indices g, 7, and ¢, that the norms in the spaces L
and L”' are not equivalent; hence the norms in LP-7 and L”"' are also not
equlvalent Therefore, inclusion (38) is strict whenever q < r < t<q,and 1<
p<2.

If p > 2, then we repeat the argument above, with vy in place of vy, and
we conclude again that inclusion (38) is strict whenever ¢ <r <t <¢q'. Finally,
we can prove the strictness of inclusion (39) by a similar application of Lemma
23, or by a duality argument starting with the strictness of inclusion (38). This
completes the proof of the theorem.

COROLLARY 25. If G is infinite, and p # 1, 2, =, then there exists a
convolution operator on G that belongs to L”' but to no other space LP:;.

PROOF. It suffices to find an element of LP-T" that does not belong to

(m5) o (8 13)

because L"' C L in LP' for all ¢ and r. Now, if 7 < oo, then the inclusion
L L"'l is stnct The method of the ghdmg hump [EP] yields an element
S of LPT that does not belong to U,<wL5:]. Similarly there exists an operator
T that belongs to L”' but not to Uq>le q - Then one of the operators S, T,
or S + T has the deslred properties.

COROLLARY 26. If G is infinite and compact, and if p # 1, 2, =, then the
inclusion L”" C Lp' is strict whenever ¢ <2 and 1 <r <t <¢q', and the
inclusion L"' C Lp . is strict wheneverr > 2 andr' <q <s <o,

ProoF. Consider the function fy, defined in the proof of the theorem. If
[y were finite on the interval (1/q, 1), then the argument given above would
show that inclusion (38) is strict whenever ¢ <2and 1 <r<t< q'. In fact,
no sum of finitely many point masses can belong to Lp_ a if r <gq, and fy, must
therefore take the value +° on the interval (1/g, 1). Using approximate identities,
however, we can replace each measure 1, by a trigonometric polynomial g so
that when f}, is redefined appropriately, we can still make the difference fy(1/q)
- f(0) as large as we like simply by taking N large. Now the map A I-—> gy *h
takes LP*9(G) into L™(G); since G is compact, this map belongs to L . Hence
the new functions f are finite in the whole interval [0, 1], and we conclude,
as above, that inclusion (38) is strict whenever g <2and 1 <r<t< q.
Similarly, the inclusion LP' C L"' is strict whenever r >2 and r' < q <s <.

REMARK 12. If G is not compact then the spaces L"'q, with r <g, are
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all trivial. It has already been shown [Blo] that LP-7 contains no positive opera-

tors other than the 0-operator; if Lg:; contains any nonzero operator, then, by

convolution with a suitable approximate identity, L'7 contains an operator h —>

f # h where f is a nontrivial continuous function. We can assume that f is real.

Choose g in the Fourier algebra A(G) so that f - g is positive somewhere and

negative nowhere. Then convolution with f - g is a nontrivial, positive operator
in LP-7, a contradiction.

REMARK 13. There are various ways in which Theorem 24 is not as sharp
as we would like. In particular, we do not know whether the inclusion L::g C
Lg:: is strict when G is infinite and p > 2. Under the analogy between the
spaces LP'"(G) and the spaces £, the inclusion above corresponds to the inclusion
£P C K Now, on a discrete group, Zp = I," ', it is not known whether there
ex1sts an mﬁmte, discrete group such that £P’ C 25, for an index p in the inter-
val (2, ). Any such group could have no infinite abelian subgroup, and, by
Theorem 16, there would be a bound on the order of its finite subgroups.

REMARK 14. Comparing Lemma 23 with Lemma 6, we conjecture that
some measure like v, should have norm at most DN'/*, rather than DN'/4, in
the space Lg' +» the way to prove this would be to deal first with the special case
of Lg'z, and then use convexity arguments much as in the proof of Lemma 6.
The existence of such a sequence of measures would imply, for instance that
LZ(G) ¢ L;;‘{ when 1 <p <2and 1 <q <p. Misha Zafran has a proof of this
noninclusion for the integer group [private communication] .

REMARK 15. Asin §6, the analogues of Lemma 23 and Theorem 24 also
hold for the spaces L of operators that commute with left translation rather than
right translation. It would be desirable to also have the analogues of these results
for the corresponding spaces of central convolution operators, that is those
operators that commute with both left and right translation. If Z(G), the centre
of G, is infinite, then these results do hold, because we can choose the various
Rudin-Shapiro measures to be supported by Z(G); if Z(G) is finite, however, then
our methods do not yield any information about inclusions between spaces of
central convolution operators.

Appendix 3. Coincidence of some spaces of convolution operators. This
part of the paper is independent of the rest, although we use the same notation.
We deal with operators that commute with right translation, but the results also
hold, with similar proofs, for operators that commute with left translation. Our
aim is to generalize the following known result to noncompact groups.

THEOREM 27. Let G be compact, let 1 <p <2,and let ¢ <p. Then

L9 (G) Lp p» With equivalence of norms.
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This was first proved for the circle group by Stein [Ste 2, §16]. Subse-
quently, Sawyer [Saw] used the same method to prove that, if G is compact and
1 <p <2, then every convolution operator, with domain LP(G), that is continu-
ous in measure must be of weak type (p, p); Theorem 27 follows easily from
this result. A simplified account of Sawyer’s method appears in [Gar, §1.2].
Later, Doss [Dos] rediscovered Theorem 27, for compact abelian groups, with
1 € q <p <2, deriving the result directly from Stein’s original theorem on
limits of sequences of operators [Ste 2].

If g <p, and G is not compact, then L7(G) = {0}, and the inclusion
Lg(G) c Lg:: holds trivially. The correct generalization of Theorem 27, however,
involves spaces of locally integrable functions. For p < e denote the space
LP(G) + L™(G) by L{,,. Define a norm on L{,, as follows. Fix a positive num-
ber a, with the added requirement when G is discrete that @ > m({e}). Then let

1 Up 1ar = s;p(fx |f|P) P omE <

that is, if £* is the nonincreasing rearrangement of f, then
e =[5 1207 ai]"*

Relative to this norm, Lf, is a Banach space. Similarly, let L{;™ consist of all
functions f such that sup,, t'/Pf*(t) < e=.

THEOREM 28. Let G be a locally compact group that is not compact. Let
1<p <, andlet q<p. Then the space of bounded convolution operators
from LP(G) to L1, coincides with the space of bounded convolution operators
from LP(G) to LY.

PrOOF. If an operator is bounded from LP(G) to L{;”, then it is bounded
from LP(G) to LY, because L is continuously imbedded in L{, (G).

To prove the converse inclusion, we modify an argument due to Coifman
[Coi]. Suppose that T is a bounded convolution operator from LP(G) to L{,,
with norm D. Let f € C,(G). Fix a set E with 0 <m(E) <a, and suppose that
ITf ()l > A >0 for all x in E. Let N be the smallest integer for which Nm(E)
>a. Choose elements {x, }’,Y__.l of the kernel of the modular function so that
the translates R(x,,) f have disjoint support, and so that m(U’,;’.__l Ex,) > a; this
is possible because the kernel of the modular function is not compact. Let K be
a compact subset of UN_, Ex,, such that a/2 <m(K) <a.

Define the Rademacher functions {r,},—, as in [Ste 3, p. 104]. For each
point t in the unit interval [0, 1], let F, be the function on G given by F, =

n 1 Ta(DR(x,,)f, and let g, = T(F)). Then
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(40) Jy laorax < {D J,, Feopax */P}".

Because the functions R(x,,)f have disjoint support, and because [IR(x,)fll, =
If "p for all n, the right side of inequality (40) is equal to (DNl Ieyf llp)", for
all &. Now, by Fubini’s theorem,

fol Jye leeo? axar = fK J. ; lg,(x)I? de dx,

and, by a standard property of Rademacher series [Ste 3, p. 278], the inner
integral on the right is at least C;9(Z}_, ITf (xx;")I*)?/2, for a constant C,
that is independent of x. Since each point x of K belongs to Ex,, for some n,
and m‘(xx;’)l > A for this value of n, the left side of inequality (40) is at least
WNC,)'m(K). Hence

@1 @2)!17QJC,) < DN'PPIfI,.
But m(E) < 2a/N, so that

“2) Nn(E)' P < 21IP+iagtie=tlac pyf|l,.

Therefore,

(43) sup t‘/P(Tf)*(t) < 2liptlfagtie=tlac pify .
t<a 7 P

This proves that T is a bounded operator from LP(G) to L{;”, and completes
the proof of the theorem.

Our estimate (43) for the weak-type (p, p) norm of T depends on the
parameter a, and on D, which also depends on a. To characterize the space of
convolution operators of weak type (p, p), we consider the dependence of D on a.

COROLLARY 29. Let G be a locally compact group that is not compact.

Let 1 <p <o, and let ¢ < p. Suppose that T is a bounded convolution opera-
tor from LP(G) to L{,,, with norm D,. Then T is of weak type (p, p) if and only if

44) D, = 0@"971/Py gsq— oo,
Proor. If TE€ LS, then

sup £ /P(Tf)*(¢) < ITUIfll,, for all fin LP(G).
t

Hence
[ I: TN*®? dt]l/q <ITiif llp<f : ralp dt)” !

= ITI I f1l,0@" 71 1P),

and statement (44) follows.
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Suppose, on the other hand, that
(@5) D, <ca'lalp,

for some constant C, and all large values of a. Let f € C,(G), let A > 0, and let
E be a set of positive, but finite, measure on which |[Tf| > A. Choose the param-
eter a so large that inequality (45) holds, and so that @ = m(E). Then, by
inequality (42),

)\m(g)llp < tipt1ac. Cq"f“p'

This proves that T is of weak type (p, p), and completes the proof of the corol-
lary.

Theorem 27 provides an infinite family of distinct Banach spaces, on any
infinite compact group, namely the L? spaces with ¢ < p, such that the space of
bounded convolution operators from LP to any of these spaces coincides with
LP-7. A similar family of spaces exists on any noncompact, nondiscrete group.
If ¢ <p, let CP*9(G) consist of all functions f on G such that

1
[I: \f *(t)lq] " = 0@"/a11P) asq— oo,
To make CP'9(G) a Banach space, we identify functions that differ only on
locally null sets, and we define the norm of each element f in C?*9(G) to be
1
sup allp—l/q [j: f*(t)q dt] Iq.

a=1

It is easy to verify that LP>*(G) C CP+9(G) for all ¢ < p, and that C?*9(G) C
CP(G) if r < q; moreover, these inclusions are strict if G is not discrete.

COROLLARY 30. Let G be a locally compact group that is not compact,
and let ¢ <p <. Then the space of bounded convolution operators from

LP(G) to CP(G) is just LY, with an equivalent norm.

ProoF. This is merely a restatement of Corollary 29.

Observe that we cannot replace the space C?9(G) by L{,, in Corollary 30,
because every element of L;(G), with 7 > p, is a bounded operator from LP(G)
to L, and L3(G) ¢ LY.

REMARK 16. The method of proof of Theorem 28 can also be used to
prove Theorem 27, and to show in addition that, if G is compact, 1 <p <2,
and g < p, then

1T, <21/PH1aCoIT
p.p

for all T in LZ(G). The proofs of Theorem 28 given in [Ste 2], [Saw], [Dos],
and [Gar] do not lead to explicit estimates on the norm of T'in L7: 7.

q’
Lp
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ADDED IN PROOF. Michael Cowling has recently shown that, if G is a
semisimple Lie group, with finite centre, and if 1 < p < 2, then LP(G) * L%(G)
C L?(G); this proves the conjecture made in Remark 9.
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